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Abstract

In this paper, we consider the following fully parabolic two-competing-species chemotaxis model

ue = Aug — xV - (u1Vor) + piui (1 —ug — equs), x € Q, t >0,
gt = Aug — EV - (u2Voa) + pouz(l — esur —ug), x €0, t >0,
vie = Avi + u1 — vy, rzeQ, t>0,
'UQtZA'UQ‘F'LLQ*'UQ, ZBEQ,t>0

under homogeneous Neumann boundary conditions, where Q C R™ (n > 3) is a convex bounded
domain with smooth boundary. Relying on a comparison principle, we show that the problem
possesses a unique global bounded solution if p1 and p2 are large enough.
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1 Introduction

In this paper, we consider the following two-competing-species chemotaxis model with two different
chemicals

uie = Aug — xV - (u1Vor) + paur (1 — ur — eruz), zeQ, t>0,
Ut = Auog — fv . (UQVUQ) + ‘LLQUQ(I — eaU] — UQ), T € Q, t >0,
vt = Avy + u1 — v, z€Q, t>0,
vor = Ava + us — v, re, t>0,

8’(14 8U2 81)1 81}2
W:W:E:E:O, x €09, t>0,
u1(z,0) = uio(x), uz2(x,0) = u20(x), vi(z,0) = vio(x), v2(x,0) = v2o(z), =€ Q,

(1.1)
where @ C R™ (n > 3) is a convex bounded domain with smooth boundary 052, a% denotes the
differentiation with respect to the outward normal derivative on 9. ui(z,t) and ua(z,t) denote the
densities of two competitive populations, whereas v1(z,t) and v2(x,t) represent the concentration
of the chemicals produced by w1 and ws, respectively. The chemotactic sensitivities x, &, the growth
rates of population pi, g2 and the competitive coefficients e1, es are all positive constants. The

initial data w10, u20,v10, v20 are given functions satisfying

u10 € C°(Q) with w10 > 0 in Q,
uz0 € C°(Q) with uzg > 0 in €,
vio € WHI(Q) for some ¢ > n, with vip >0 in Q,
Vg € Wl’q(ﬁ) for some ¢ > n, with veo > 0 in Q.

(1.2)

For model (1.1), namely, multi-species and multi-stimuli chemotaxis model, only few results
were studied. In the two-dimensional case, Black in [1] proved the corresponding Neumann problem
possesses a unique global bounded solution for all positive parameters, it is also obtained that
whenever n > 1, if e1, e2 € (0,1) any global bounded solution converges to the unique positive
spatially homogeneous equilibrium in the large time for sufficiently large ;—é and %, and if e; >
1 > e2 > 0 the solution u1(t) — 0, uz2(t) = 1, v1(t) — 1 and v2(¢) — 0 uniformly with respect to
x € Q as t — oo for large enough 2‘—3 In the high-dimensional case, relying on the maximal Sobolev
regularity and semigroup technique, Zheng et al. in [2] proved that the system has a unique globally
bounded classical solution and there exists #y > 0 such that £ < 0o and X < 6y. However, to
the best of our knowledge, in the high-dimensional convex domain, there are few papers concerned
with the global existence of solution of (1.1).

Motivated on these studies, in this paper, we shall investigate the global existence and boundedness
of solution to system (1.1) in a high-dimensional convex bounded domain.

The organization of the remaining part of the paper is as follows. Section 2 gives our main
result in this paper. Section 3 is devoted to prove the global existence and boundedness of the
classical solution of (1.1). The last section is a brief conclusion.

2 Main Result

Our main result in this paper is stated as follow.

Theorem 1. Let Q@ C R" (n > 3) be a convexr bounded domain with smooth boundary. Let
X, & M1, p2, e1 and ex be some positive constants. Suppose that x, &, pi1, po satisfy

&> and &>

. % : %. (2.1)
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Then for any choice of (uio,u20,v10,v20) fulfilling (1.2), problem (1.1) possesses a unique global
classical solution (u1,uz,v1,v2) which is uniformly bounded in Q x (0,00).

Remark 1. We emphasize that Theorem 1 also holds for the spatial dimension n < 2.

Remark 2. As compared with the previous conditions Theorem 1.2 of [2], our conditions add the
assumption that €2 is a convex region, but they are more natural, more symmetric, and only relate
to the spatial dimension n.

3 Proof of Theorem 1

To begin with, let us state a result on local existence and uniqueness of classical solutions.

Lemma 1. Let Q CR™ (n > 1) is a bounded domain with smooth boundary. Let x, &, p1, ug, e1
and ez be positive constants and let ¢ > max{2,n}. Then, for each nonnegative uio € C°(Q),
ugy € C° (Q), vig € Wh () and vao € wh 9(QY), there exists Tmax € (0,00] and a uniquely
determined triple (u1,uz,v1,v2) of functions

ur € C (g 0 ﬂl)mx ) N CQ’I(Q X (O, Tmax)):
uz € C°(Q x [0, Tinax)) N C*" (Q x (0, Tax)),
v1 € C°(Q % [0, Tmax)) N C>* (R x (0, Timax)) N Lise ([0, Tmax); WH4(Q)),
v2 € C°( % [0, Tmax)) N C*H (2 % (0, Tmax)) N Lise ([0, Tinax); WH()),
which solves (1.1) classically in Q X (0, Tmax), and if Tmax < 00, then

ii;nTsup(HM(wt)Hme) F lluz (s )l oo @) + o1 (5 D) llwraga) + [lv2( D) llwrage)) = oo
Proof. This can be derived by standard arguments involving Banach’s fixed point theorem and

the parabolic regularity theory [3, Lemma 1.1]. a

Next we consider global bounded solution of (1.1) in a convex domain under suitable large
assumption on the quotients % and “5—2 The proof is based on comparison argument similar to
[3-5].

Lemma 2. Let @ C R" (n > 3) be a bounded convex domain. Then, under the same assumptions
in Theorem 1, the solution of (1.1) satisfies

Hul('?t)HL“’(ﬂ) + Hu2('7t)HL°°(Q) <C forall te (O:TmaX) (3~1)
with some constant C' > 0.

Proof. We consider the auxiliary function

1 1 1 1

J(ZC, t) = ;ul (CE, t) + gUQ(ZE, t) + §|V’U1(ZC, t)|2 + §|Vv2(x, t)‘z
for allz € Q and ¢ € (0, Tmax). Using (1.1) and the pointwise identity Vo-VAv = £ A|Vo|*—|D?v|?,
a straightforward calculation show the equation for J:

Jy—AJ +2J :g'Lu =+ ZUQ — ur Avy — usAvg — ‘D2'U1|2 — |D2’U2‘2
X £ (3.2)

|25 1 o2 pi1€1 K2 H2€2 K2 2
+ —u1 — —uj — ULU2 + U2 — UIU2 — — U3
X

3 3 3

in Q x (0, Tiax). From Young’s inequality and the inequality |Av|*> < n|D?v|?, we can estimate

[Avi>  n
n

—uiAv; < Jul < [D%uf + %uf in Q% (0, Timax)
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and

A 2
18"

—us Avg < %ug < |D2v2\2 + gug in Q% (0, Tmax)-

Combining these with (3.2), (2.1) and Young’s inequality, we infer that

n 1 n 1
Jy— AJ+2J < — (% - Z)U% + ;(2 + p)ur — (% - Z)Ug + E(2+H2)U2
2+m)? 2+ p2)?

ST —nox | Gz —nge 0 2 (0 Tma):

Relying on the obvious property of functions fulfilling a homogenous Neumann boundary condition

on convex domains Q we note that 3‘275‘2 < 0 on 99 by [6, Lemma 3.2]. Then

0J _1ow  10uy  19|Vui*  19|Vusf*
ov  x Ov €& Ov 2 Ov 2 Ov

<0

for all € 9Q and t € (0, Tmax). Let y(t) € C*([0,00)) denote the solution of

/ (2+ m)? (2 + p2)®
y (t)+y(t) = for all t e (0,00
W+ = G = mox T T —nee (0.09),
y(o) = (1,
where ¢; 1= i”UlOHLOO(Q) +é||u20||Loo(Q> +%HV1}10H%OQ(Q) +%||Vv20\|2mo(m. Then, explicitly solving

this initial-value problem, we conclude that

(24 m)? (24 p2)?

A —nx)x | (42 —nfe  * boroo

y(t) —
On the other hand, by the comparison principle, we have
J(z,t) <y(t) forall z€Q and t € (0,Tmax),
and this clearly proves the lemma. O
We are in the position to prove Theorem 1.
Proof of Theorem 1. Because v; solves the following parabolic equation

vit = Avg +u; —v;,, €N, t>0,i=1,2,

Qi _y, 2 €dQ, t>0,i=1,2
ov
vi(x,0) = vio(z), z€Q, 1=1,2,

by (3.1) and the standard parabolic regularity theory [7, Lemma 4.1] or [8, Lemma 1], we see that
lvi(, ) lw1,e <C  forall t € (0,Tmax), ©=1,2.

This together with Lemma 2 proves Theorem 1 by Lemma 1. O

4 Conclusion

In this paper, we investigate a two-competing-species chemotaxis model with two different chemicals.
We establish the existence of a unique global bounded classical solution of the problem (1.1) under
the assumption that both % > 7 and “E—Z > 7.
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