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Abstract

The condition numbers of eigenvalues of matrices measgresénsitivities of eigenvalues to small
perturbation of matrix. They're widely used to assess thitygoé numerical algorithms for eigenvalye
problems. This paper considers the condition number of multiglenealue of regular quadratic
eigenvalue problem. Based on the properties of multigengalue of quadratic eigenvalue problem
analytically dependent on several parameters, we giveugadefinitions for condition numbers of semi-
simple eigenvalue of regular quadratic eigenvalue probl#itizing SVD and the properties of unitarily
invariant norm, we derive the computational expressionshiintroduced condition numbers. We find

that the condition numbers defined can be computed in terrtiseddingular values oXlYlT, where

XlYlT are respectively the right eigenvector matrix and leferevector matrix corresponding to the

multiple eigenvalue. Compared with the existing condition nusmbemultiple eigenvalues of quadratic
eigenvalue problem, the condition humbers defined in this pagremeasure not only the worst case
sensitivity of semi-simple eigenvalue, but also thHéedint sensitivities of the eigenvalues spawned ffom
semi-simple eigenvalue.
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1 Introduction

The condition numbers of eigenvalues of matrices meadweesénsitivities of eigenvalues to small
perturbations of the matrices. They are important tesssthe quality of numerical algorithms for eigenvalue
problems. For linear eigenvalue problems, there have been msuiisr[1,2,3,4]. However, in many fields
such as stability analysis of damped dynamic systeigenstructure assignment of control design systems
[5], it's essentially important to consider the conditiammbers of eigenvalues of the following quadratic
eigenvalue problem (QEP).

(1M +AC+K)x=0, (L.1)

whereM ,C, KO C™".

[5,6] considered the condition number of simple eigenvalueE® @.1). [7,8] investigated the condition
number of simple eigenvalue of matrix polynomials

P(1) =2rj“:0 AAL. (1.2)

However, all aforementioned work requires that the itepaoefficient matriced\l ,An are invertible,

which excludes the case of infinite eigenvalues. [9]awsd this restriction and studied the condition
number of simple eigenvalue of homogeneous matrix polynomials

m S
L(@.B)=2, Aad'f"", (1.3)
and it allows infinite eigenvalue.

There is little research about the condition number dfiphe eigenvalue of quadratic eigenvalue problem
and polynomial eigenvalue problem. In [8], the condition numbemaftiple eigenvalue of matrix
polynomial (1.2) is introduced, and the relationship betwd®n ihtroduced condition number and
pseudospectral growth rate is revealed. [10] defined the camdiimber of multiple eigenvalue of (1.3) via
the Bauer-Fike Theorem. The condition numbers defined ib0[8pnly can measure the worst case
perturbation of multiple eigenvalue. However, the mutiplgenvaluel with multiplicity I often split into

r simple eigenvalues when perturbed. So it is natural tethaendition numbers for multiple eigenvalue

A.

In this paper, based on the directional derivatives of sémyple eigenvalueof QEP analytically dependent
on several parameters, we define and analyze the conditiobemn of semi-simple eigenvalue of quadratic
eigenvalue problem (1.1). We prove that the defined conditionber can be computed in terms of the

singular values ofX,Y] , where the columns ofX,,Y,(] G™" are respectively the right and left
eigenvectors corresponding to multiple eigenvalueThe introduced condition number can measure not

only the worst case perturbation of the semi-simple &mer, but also the corresponding sensitivities of
different eigenvalues spawned from the semi-simple eigeavalu

YLet A bean eigenvalue of (1.1). If the algebraic miittity of Ais greater than one, and it is equal to the geoimetultiplicity of

A , then A s called the semi-simple eigenvalue of (1.1).
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The rest of the paper are organized as follows. ¢tige 2, we introduce some basic concepts and results
concerning quadratic eigenvalue problem. In section 3, wieed#fie condition numbers of semi-simple
eigenvalue of regular quadratic eigenvalue problem. Theirpatational expressions and bounds are
derived. Moreover, we give an example to test our corarigsi

For convenience, we use the following notatioﬁé‘?xn denotes the set of all compléRX N matrices of
rank r . AT denotes the transpose of matdx. A" denotes the conjugate transpose of matkix"A“F

and”ﬁ“2 respectively stand for the Frobenius norm and spectrah mbrmatrix A. p(A)is the spectral

radius of matrixA. A, (A),...,A, (A)denote the eigenvalues 6% N matrix A. X denotes the conjugate
of complex numbeiX.

2 Theoretical Base

In this section, we introduce some necessary definitions anclusions, which are the basis for our
studying the condition number of semi-simple eigenvalue of QEP). For brevity, eigenvalues and
eigenvectors of (1.1) are also called eigenvalues and eigienvef matrix triple{ M, C, K} .

Now consider the following quadratic eigenvalue problem:

[A*(p)M(p)+A(p) C( P+ K Pl &k P=0,A( pO C & Y0 C

wherep=(p,.... A ) O C", M(p),C(p), K(pO C*"are analytic on a neighborhodd( p') of
p.

Let A, be a semi-simple eigenvalue{dl\/l (p),C(p), K( p)} with multiplicity r . Theorem 2.2 and

Theorem 3.1 in [11] gave the directional derivatiogthe eigenvalues splitted fronhl. For convenience of
our discuss, we recite the results in Theorem 2.2 andréhre3.1 of [11] as the following theorem.

Theorem 2.1: Let M (p), C(p), K( p0 C™" be analytic on a neighborhodd (p )of p  OC". If
A, is a semi-simple eigenvalue {)M (p),C(p), K( p)} with multiplicity I, i.e., there exist matrices
X, Y, O G™ such that the columns oK,,Y, are respectively the right and the left eigenvectors

corresponding to,, and Y, (2/11M (p)+ C( p)) X =], then

(1) There exists a neighborhodd,(p ) 00 N(p)of p" andr functions A,(p),...,A, (). such
that A,(p),...,A, (P) are the eigenvalues éﬁ\/l (p),C(p), K( p)} ,and A (p)(i=1,...r)are
continuous atp”, and A (p”) = A, (i =1,...1 );

2et N be an open set €™, and p' O N, and f (p) be a function defined o , and V] C" with ”\/”2 =1
o

. +1v) -

i 17+~ ()

t-0"

denoted byDV f( pD) .

exist, then the limit value is called the direntibderivative of f (p) in the directiorVat P,
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(2) For any fixed directionv = (V,,...,\, )’ 0 C" with ||\/||2 =1, there exist3 >0 andr single-
valued continuous functiong, (P +tV),...,4 (P + tv) defined on[- 3, ] , such that

() (P +t),...u (p +tv) are r eigenvalues of
{M(p" +tv),C(p +t), K(p+ 1y}
(ii) {,ui(p* +tv)}ir:1 ={/1i(ﬁ + t\l)}ir=1 for eachtO[-4, ] , and there is an one-to-one

correspondence between the elements O{ﬁ‘?( p + tv)} ,r_l and sel{/li (p + tv)} ,r_l;

(iii) There exist a permutatiol of {1,...,r} dependent oV such that

Dv'ui(p*)=_)|n(i)[zvi\{T S( p,A) XJ Bl 1.

_p M), , 90(F)  OKH)

whereS (p,A,)
A op, op, 9p

By Theorem 2.1, we have the following result on the seftyitf /11 in the worst case.

Theorem 2.2. Under the conditions of Theorem 2.1, define

— i MaX e /]k( p* +1v) _/]1‘
s(A) =lim i : 2.2)
t-0
Then
N
s()= p(Z vY S( pA) %j (2.3)
j=1

Proof. By Theorem 2.1, for any fixed directiond C" with ||\/||2 =1, there exist3 >0 andr single-

valued continuous functions 4 (P +1tV),...,.t (P +tv) defined on [-B3, B8] ., such that
{,ui (p + tv)} ir:l ={/1i( P+ t\l)}ir=1 for each tO[-5, B] . Hence,
max., ., M (p + tV)—/lJ(t O[-8, B]). Further from (2.2), we have

AP +tv)= A =max,,

Dcieer 14 ( p +1v) _/]1‘

(2.4
i

— I m
5(A) =lim
t-0

From (2.1) we have
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maX 4 (P ) =4 A
%%%1 q =maxD,4, (p')=p ]Z;,vj! S(hA)X|. @9

Observe that

“m :Uk(p* +tV) _/11 =

tORrR
t-0-

-D_ 4 (p).

Further from (2.1), we have

. MaX, :uk(p* +tV)_/]1‘ _ “ _ N T 5
Eggg_ m =maxD_ 4 (P = p ;vm S(pA) X[ 8

Combining (2.5) with (2.6) we get (2.3).\#
3 Condition Numbers of Semi-simple Eigenvalue

Throughout this section, we assume that

(1) A OCis a semi-simple eigenvalue of (1.1) with multiplicity;
(2) The columns ofX,,Y, C}"Xr are respectively the right eigenvectors and the lgireiectors of

(1.1) corresponding tal,, anleT AM+C)X =|.

Based on Theorem 2.1 and Theorem 2.2, we will define thdittan numbers ofAl, and derive their
computational expressions.

Let E, F,GO C™" with H[E, F,G]HF =1 and consider matrix triple
{M(),Ct),K(t)} ={M +tE,C+tF, K+ 3. (3.1)

By Theorem 2.1, there exist single-valued continuous functiong(t),....4 () such that

H(t),.... 1. ) are the eigenvalues of (3.1), and

H (1) = A+ D g 4 ()t +0(1)

3.2
= A=Ay (WZE+ALF+ O X)) t+ @), t- 0, i=1,..r 42

Further by Theorem 2.2, we have

Serg(d) = p(YlT (/]12E +AF+G) Xl) :
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This means tha;O(YlT NE+AF+G) Xi) reflects the sensitivity of multiple eigenvalu when
{M, C, K} is slightly perturbed in the directidrE, F, G] . Thus, we can give the following definition.

Definition 3.1. Let E, F,GO C™"with H[E, F,G]HF =1, then

d([M,C KL[E F G A)=p( Y (FE+AF +G) X)

is called the condition number of eigenvaldgin the directionE, F, G] .

Generally the condition number of eigenvalue reflects Waast case" sensitivity of eigenvalue with respect
to small perturbations of matrix. Hence, we giveftiilowing definition.

Definition 3.2; Let

c([M,C, K], 4) = _ Fsgu%mp(\@ MZE+AF+GX,).
IE.F 6] =1

Then C([ M, C, K], /11) is called the condition number of eigenvaldge
Observe tharank( X,) = rank Y) = 1. We may assume thaX,Y, has singular value decomposition
XY = Pdiagz, Q @, 3.3)

whereP and Q are NXN unitary matrices,Z = diag(cy,...,0, ) with g, 220, >0. Now we
utilize (3.3) to give the computable expression of the qnyaﬁ‘.([ M, C, K], /11) .

Theorem 3.1. C([ M, C, K]’ Al) = |A1|4 +|/]1|2 +1H le;—HZ '

Proof. For anyE, F,GO C™"with H[E, F, G]HF =1, we have

p(WWZE+ALF+Q X)=p( XY (A B4, F+ G
<[ (A7 E+A,F+ G
<|x¥| W EFAF+ G,

<A+ +ax],

Then,

c([M, C KL A) <A +]A [+ X Y| : (3.4)
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Suppose thatXlYlT has singular value decomposition (3.3), &é&[p, IE’] ,Q=[q, (g , where
P, 0C" . Take

_2 —
E:A—lqlpi*,pz

VAL +A] +1

Then H[E, F,G]HF =1, and

p(W e+ AF+ G x)=p( ¥ [JIA[ Al +1 q) %)
= «/|/11|4 +|/]l|2 +1 p(p' XY q)
= JWA[* +[Af +1 p( pi! Pdiag(=, O @' g 39)
= A +A[ +10,
= A+ +1||x1\(1T ||2 .

1 H

4R
Al b

H,G:

A 4
VAL # 4[] +1

Hence,
c(IM, C KL A) = A" +[A]" +1| X, Y] (3.6)
By (3.4) and (3.6), we get the result of this theorem. \#

The conditionH[E, F, G]HF =1 in Definition 3.2 is not necessary and it may be regglaoy any unitarily

invariant norm. So we give the following definition.
Definition 3.3 Let || || be any unitarily invariant norm. Then
¢(M,C. KL,A)= sup p( AIE+AF+G)X,)
E,F,GOC™
I[e.F.cll=1
is called the condition number of eigenvaLr]fz.
Using the properties of unitarily invariant norm [12], we haeefbllowing result.

Theorem 3.2. Let C([ M, C, K], A,) be as in Definition 3.3. Then

VAL A+ 2T, < oM € K A) <AL AL+ 2] XY

Proof. Let X1Y1T has singular value decomposition (3.3) aRi=[p, Ieﬂ ,Q=[ql,d , Where
P, qOC". Take



Zhou and Huiging; ARJOM, 3(3): 1-15, 2017; Article. ARJOM.32674

- A am F 2 _qp 6= —t __qg
\/|/]1|4 +|)|1|2 +1 \/|)|1|4 +[a) +1 \/|"1|4 +|/‘1|2 +1

Observe that any unitarily invariant norm of a matrixhwank one is equal to its spectral norm [12]. Then we
have

e, F.cl=

m\[ﬂ?qﬁlq g, q Iﬂ“
_ 1
K/|A1r‘+|m|2+1‘

=1.

o Aas ad |

Further from (3.5), we have

p(YlT (AZE+A,F+0Q Xl) = \/WH XXHZ'

Then

C(IM, C, K1, A) = A" +[A]" +1 XY (3.7)

Forany E, F,GO C""with “[ E, F, G]“ =1, we have

p(YTAZE+AF+0Q X)<| XY (1: B4, P ¢<| X Y|22 B2, F
Further from [12], we have

e+ AF+G|<|[12E+1F+G O O

A, 0
[E.F.G]| A1, O
0

o
O
O

(3.8)

= \/l/‘ll4 + |/‘1|2 +1.
Hence,

P(W B+ A F+ G X) <AL+ +1] Y|
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Hence,

&M, C, K], A) <A +[A/° +1| X, Y| (3.9)

Combining (3.7) with (3.9), we obtain the result.\#

Specially, if we take the norm in Definition 3.3 as tpectral norm, the corresponding condition number is
denoted byc®([M, C, K], A)) . Itis easily seen from Theorem 3.2 that

E(IM, C, KL, &) = |4 +]A)° +1H XY HZ

By Theorem 3.2, we can introduce the following definition.

Definition 3.4: Let || || be any unitarily invariant norm, then

&M, C, K1, A) =4 +]A]* +1] X

is called the condition number of eigenvaLﬂle

When we take spectral norm and Frobenius norm in Defin8id, the corresponding condition numbers are
respectively denoted /> ([ M, C, K], A,) and™ ([M, C, K], A,) . Clearly,

&P (IM,C, KL, A4)=E2([M G K,A)=d[ M C K, 1,).

Above condition numbers only reflect the sensitivity emgsimple eigenvalue of QEP (1.1) in the worst
case. Nevertheless, [2] shows that it is reasonablenfidtiple eigenvalue having condition numbers to
reflect different sensitivities of the eigenvalues splittem multiple eigenvalue under a small perturbation.
From (3.2) we can introduce the following definition.

Definition 3.5: Let || || be any unitarily invariant norm and (YlT (N E+A,F+Q Xl) be the
eigenvalues ol (A2E+ A, F+ G X, with

A (Y B+ AF+ G X))

A (Y E AP G X
Then

k([M,C,K],A)= sup
E,F,GOC™"
[lE.F.Gl|=1

A(Y Q2 ECALF+ QX)) Lo

are called the condition numbers of eigenvalye

If we take the Frobenius norm and the spectral norm imidiefi 3.5, the corresponding condition numbers
are respectively denoted by
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kP (M, C, K], A)andk® (M, C, K], A) . Obviously,

k(M,C K], A)=&[M G K, 4),

kM, C KLA)=d[M G K,A)=K([MCHKA=C([MCHKA).

Next we give an upper bound for condition numblsrf{ M, C, K], A,) .

Theorem 3.3. Letk ([M, C, K], A))(i =1,...,r )be defined in Definition 3.5. Then

k(M. C KLA) <A F+1A4 F+1 sugAd B i= 1.,

Hlst

whered (HZ)(i =1,... )are the eigenvalues dfl X with|/11(H Z)| 2.2 |/lr (H Z)| :

Proof. Let XlYlT have singular value decomposition (3.3), and

P=[R, B].Q=[Q, Q] .R,QOC™,
Then, by (3.3) we have
X1Y1T = F-qu

Forany E, F,GO C™"with “[ E, F, G]“ =1, we have

A (W AEFAF+ 9 X) =] (XY (12 B2 B g
:‘Ai(PlelT(AfEM F+ G))‘
=] (@ E+AF+ ) BE)
= AT F 1 ()

where

QI E+AF+ QR
A F+1A Fe

From (3.8) and [12] we have

= o +1I/l A IRl E AR <1,
1 1

(3.10)

(3.11)

10
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Hence,
{Irof ZE+AF+ @ X)||EFR G c|[ER =1
D{«/|/]l|“+|/11F+1Hi Hz)jHOC™ |H||s}1 .

Then the result of this Theorem follows from above inetyst#i

As for condition numberk.”([M, C, K], A,) and k™ ([M, C, K], 1), we give their computational
expressions as following.

Theorem 3.4. Suppose tha’r)(lYlT has singular value decomposition (3.3) and denote

. 1/i
g=[lo | ,i=1..r.

Then, fori =1,...r , we have

KOIM, C KLA) = I A [+ 1A, F+1 supd HE=y B I+ A 2+ &, (12
HOCH"

IH],=1
KO(M, C KL A) = IA F+ 14, F+1 supld B )=y A, ‘4, °H % (313
[H].<1

Proof. By Theorem 3.3, we have

K?(M, C, KL, A) SIA '+, F+1 sugd HZ|. (3.14)
HOC™
IHl,<1
For anyH O C"" with ||H||2 <1, we take
~ _2 ~ 1 A
P HE=—Ab _ H G- L H
JAT+1A F+1 JATF+1A F+1 JAT+1A F+1
E=Q E O PP F=Q F O PH,G:QG © P,
O ed OO0 O O

where€, denote the first column of identity matrix of ord@r—I'. Then

"[E, F,G]"2 =1 Let B, Q, be asin (3.10). Then

11
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4 2
QlH(A12E+/11F+G)pl=QlHQ! Al +A"+1H O }:ﬁ o

© Aed
I o][JerwulFﬂH 0 }H
o Ked |LO

= A+ A +1H.

Further from (3.11), we have

JA[ A +1A4 () = |4 (QF PE+AF + G) Re )|
=] (REQ! (K E+ A F+0O))
(
(

:‘/]i

XY (AZE + A, F + G))\
:‘/]

Y E+AF+G) X)) .
Hence,
VAT +IA F+1 suph HE [gk® M C K R, -
HOC™
M=
Combining above inequality with (3.14) yields that
KA(M, C, KL A) =I A, [+ [, F+1 supd HE |, 1)
HOC™
[H],=

According to the proof of Theorem 3.1 in [13], we know that

sup|4 HZ )=6;. (3.16)
HOC™
IH],<2

Thus, (3.12) follows from (3.15) and above equation. Simjlaré/have (3.13).\#

Remark 3.1. Note that for any unitarily invariant norﬂm || , ||H ||2 < ||H || Then, from Theorem 3.3 and
Theorem 3.4 we see that

K (M, C. KLA) < KM, G K, A) = | A, +14, f +16,.

Now we give an example to validate our results.

12
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Let
1 -10 0O 1 O -1 0 -3
M=0 1 0O, C=/0 -1 0|, K={0 0 O0].
0O 0 O 0O 0 1 0 0 -2

It can be computed thad, =1 is a semi-simple eigenvalyeM, C, K} with multiplicity 2, and the
columns of

are respectively the right and left eigenvectors spoading tod, =1, and YlT (2AM+C) X = L,

By Theorem 3.1, Theorem 3.2, Definition 3.4 and Theorem 2Aave

c([M,C, KL, A) = E( M G K, A) = ([ M G K, 1) =2.9408
¢®([M, C, K], 1,)=3.3541

k®(IM, C, K], 4,) =2.940¢, kP ([M, C, K], 4,) =1.163C,

kP (M, C, K], A,) =2.9408, kP ([M, C, K], A,) =1.140F

Now we takeE, F, G as the following matrices:

[-9.193 2.513 - 8.22
E=10"x|-9.839 - 3.312 6.684,
| 9.748 6.035 2.57
[-9.317 -5.217 1.36
F=10"x|-5.522 4.842 - 1.29,
| 9.480 1.043 0.47
[-4.525 8.449 - 3.54
G=10"x| 7.360 6.862 3.037.
| 7.947 9.338 0.46

Assume that /11 , /TZ are the eigenvalues of M +E C+ F, K+ G splitted from A =1 .
Straightforward calculations give that

13



Zhou and Huiging; ARJOM, 3(3): 1-15, 2017; Article. ARJOM.32674

Ah 2.5027, AA 0.449€,
[E.F.q, IlE.F.q,
/Tl _/11 /Tz _/]1
=1.778¢, ~0.319¢
[E. F.G]|. [[E.F.G]|.

Hence, we get

=
T < k@M, C KAL) <TP(M, G KLA) . i=12,
”[E’ F’G]”z

i 1‘ < - :
e <k ((M,C, K[, A) < d[M, G K,A4) < E( M C KA, i=12
I[E.F.q],

Above inequalities show that the condition numbers given in thisrpgare reasonable.

4 Conclusion

In this paper we give various definitions for condition nurabef semi-simple eigenvalue of regular

quadratic eigenvalue problem (Definition 3.2—Definitia)3and derive the computational expressions for
the introduced condition numbers (Theorem 3.1, Theorem Zé)c®ndition numbers defined in this paper
can measure not only the worst case sensitivity of sample eigenvalue, but also the different sensitivities
of the eigenvalues spawned from semi-simple eigenvalue.
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