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Abstract

The aim of this paper is to introduce and study the class of sg-closed sets, which is properly placed
between the classes of semi-closed sets due to Crossley and Hildebrand in 1974 and gs-closed sets due to
Arya and Nour in 1990. Also, we investigated the relations of anew notion and the other notions of
generalized closed. Moreover as applications, using the notion of sg-closed sets, we introduce a new space

called T5-space.

Keywords: Generalized closed sei$;-closed sets; sg-closed sets; gs-closed sets; spg-clastsd
gsp-closed sets adj -closed sets.
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1 Introduction

Closed sets are fundamental objects in a topological space. For example, one can define the topology on a
set by using either the axioms for the closed sets or the Kuratowski closure axioms. In 1970, Levine [1]
initiated the study of so-called generalized closed sets. By definition, a subset S of atopological space (X,t)
is caled generalized closed if the closure of any subset A of X isincluded in every open superset of A. This
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notion has been studied extensively in recent years by many topologists because generalized closed sets are
not only natural generalizations of closed sets. More importantly, they also suggest several new properties of
topological spaces. Most of these new properties are separation axioms weaker than T;, some of which have
been found to be useful in computer science and digital topology. For example, the well known digital lineis
T3 but not T, . Other new properties are defined by variations of the property of submaximality. Furthermore,

4

the study of generalized closed sets also provides new characterizations of some known classes of spaces, for
example, the class of extremely disconnected spaces. In 1987, P. Bhattacharyya and B. K. Lahiri [2]
introduced a new class of sets called semi-generalized closed sets by means of semi-open sets of N. Levine
[3] and obtained various properties corresponding to [1]. In 1990, S. P. Aryaand T.M. Nour [4] defined the
generalized semi-closed sets Dontchev [5] introduced gsp-closed sets by generalizing semi-preopen sets.
Recently, Veera Kumar [6] introduced g -closed sets in topological spaces. In the present paper, we
introduce a new class of closed sets called sg-closed sets and find some basic of its properties. We a'so prove
that this class lies between the class of semi-closed sets and the class of gs-closed sets. Applying there sets
we introduce a new space called T, -space.

2 Preliminaries

Throughout this paper (X, t) and (Y, o), represent non-empty topological spaces on which no separation
axioms are assumed unless otherwise mentioned. For a subset A of a space (X, 1), cl(4), int(4) and A°or
X\A denote the closure of A, the interior of A and the complement of A in X , respectively .

Let usrecall the following definitions, which are useful in the sequel.
Definition 2.1. A subset A of aspace (X, 1) iscalled

(8 Semi-closed [7] if int (cl(A)) € A,

(b) Semi-open [3] if X\A issemi-closed, or equivdently, if A € cl (int((4)),

(c) Semi-preclosed [8] (= B-closed [9)]) if int(cl(int(A))) € A,

(d) Semi-preopen [8] (=P -open [9]) if X\A is semi-preclosed (= B-closed), or equivalently, if A ©
cl (int(cl (4))).

The semi-closure [10,7] of a subset A of (X t), denoted by scly(A), briefly scl(A), is defined to be the
intersection of all semi-closed sets containing A. The semi-interior of A [7], denoted by sint(A), is defined
by the union of all semi-open sets contained in A.

Definition 2.2. A subset A of aspace (X, 7) issaid to be:

(a) Generdlized closed [1] (briefly, g-closed)if cl(4) < U whenever A € U and U isopenin (X, 7).

(b) Generdlized semi-closed [4] (briefly, gs-closed)if scl(A) € U whenever A < U and U is open in
X, 7).

(c) Semi-generalized closed [2] (briefly, sg-closed)if scl(A) € U whenever A € U and U is semi-open in
(X, 1).

(d) Generdized semi-preclosed [5] (briefly, gsp-closed) if spcl(A) < U whenever A € U and U is open
in (X, 7).

(e) g-closed [6] if cl(A) € U whenever A € U and U is semi-open in (X, t). The complement of g-closed
set is called g-open

(f) Semi-pre-generalized closed [11] (briefly, spg-closed) if spcl(A) € U whenever A € U and U is
semi-preopen in (X, 1).

Definition 2.3. A topological space (X, 1) iscalled T, -space [6] if every g-closed set is closed.
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3 s8 -closed sets and Basic Properties

In this section, we introduce the concept of sg-closed sets and study some of their properties and relations
with other known classes of subsets.

Definition 3.1. A subset A of a space (X, 1) is called sg-closed if scl(A) € G whenever A € G and G isa
g-opensetin (X, 1).

Proposition 3.1. Every semi-closed set is sg-closed in (X, 7).

Proof. Let A be asemi-closed set and G be any g-open set containing A. Since A is semi-closed, scl(A) = A
for every subset A of X. Therefore, scl(4) € G and hence A is sg-closed.

Corollary 3.1. Every closed set issg-closed in (X, 7).
Remark 3.1. The following example shows that the converse of Proposition 3.1, need not be true.

Example 3.1. Let X = {a, b, c} with a topology T = {X, @, {a, b}}. Then the set {a, c} is sg-closed but not
semi-closed in (X, 7).

Proposition 3.2. Every sg-closed set isgs-closed in (X, 7).

Proof. Let A be sg-closed and G be any open set containing A in (X, 1). Since every open set is g-open, the
proof followsimmediately.

Remark 3.2. The converse of the above proposition need not be true in general as shown by the following
example.

Example 3.2. Let T be the usual topology on the real line R. The open interval (a, b) is gs-closed but not sg-
closed.

From the above results we note that the class of sg-closed sets lies between the class of semi-closed sets and
the class of sg-closed sets.

Proposition 3.3. Every sg-closed set is gsp-closed in (X, 1).
Proof. Itistruethat spcl(A) < scl(A) for every subset A of X.
Remark 3.3. A gsp-closed set need not be sg-closed as seen from the following example.

Example 3.3. Let X = {a, b, c} withtopology T = {X, @, {a}, {b},{a, b}} It iseasy to check that the set {a}
is gsp-closed but not sg-closed in (X, 7).

Remark 3.4. The following examples show that sg-closedness is independent from spg-closedness, g-
closedness, g-closedness and sg-closedness

Example3.4.Let X = {a,b,c}andt={X,0,{a},{a,c}}. Then aset:

(@ A = {a,b}issg-closed but not spg-closed in (X, 1).

(b) B = {c} issg-closed but neither g-closed nor g-closed in (X, 1).

() C = {a}inExample3.3.is spg-closed but not sg-closed.

(d) D = {b} in Example 3.3. isg-closed , g-closed and sg-closed but not sg-closed.
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Example 3.5. Let X = {a, b, c} with topology = = {X, @, {a}}. Then the set {a, b} issg-closed but not sg-
closed.

Example 3.6. Let X be the rea line and let © be the point generated topology on X, i.e
the non-empty open sets are those containing a fixed point, say the zero point. Then the set P of all
irrationalsis closed in (X, t) and thus sg-closed. Since the semi- regularization (X, t,)is the indiscrete space,
Pisgs-closedin (X, t,) but not spg-closed in a space (X, 1) .

Remark 3.5. From the above discussions and known results we have the following implications.

st. g-closed »| g-closed 5| g-closed
E— g S

A

closed set ag—c;;sed > ag—;rlosed
L '
Y

semi-closed sg-closed gs-closed | | gp-closed |

&

sg-closed i » gsp-closed

Theorem 3.1. If A and B are sg-closed setsin (X, 1), then A U B issg-closed in (X, 1).
Proof. Follows directly from the observation scl(4 U B) = scl(A) U scl(B) forall 4, B c X.
Theorem 3.2. The finite union of sg-closed setsis sg-closed in (X, 7).

Proof. Let {F;:i = 1,2, ...,n} be afinite class of sg-closed subsets of a space (X, 1) , then for each g-open set
U; in X containing F; and scI(F,) € U;,i € {1,2,..,n} . Hence UFR, OUU; =V . Since an arbitrary
i i

union of g-open sets in (X, ) is also g-open ,V isg-open in (X, 1) .Also Uscl(F) =sclUR) OV .
i i
Therefore, UF, issg- closedin (X, 7).
i
Remark 3.6. Intersection of any two issg-closed sets in (X, t) may fail to be sg-closed, as the following
example shown.

Example 3.7. Consider atopological space (X, t) asin Example 3.5. The sets{a, b} and {a, c} are sg-closed
but their intersection {a} is not an sg-closed subset of X.

Proposition 3.4. If aset A is sg-closed, then scl(A)\A contains no, non-empty closed set.

Proof. Suppose that A issg-closed. Let F be a closed subset of (A)\A . Then A € F¢, F€ is open and hence
g-open. Since A issg-closed, scl(4) < F¢. Consequently, F < (scl(A))¢. Every closed set is semi-closed
and hence F is semi-closed. Therefore, F € scl(A). Hence F < scl(A) N (scl(A))¢ and hence F is empty.

Remark 3.7. The converse of the above proposition need not be true. Consider a topological space (X, 1) as
in Example 3.2. If A = {b}, then sc(A)\A = {c} does not contain non-empty closed set. However, A is not
sg-closed in (X, 7) .
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Proposition 3.5. If a set A issg-closed in (X, 1), then scl(A)\A does not contain any non-empty g-closed
Set.

Proof. Assume that A issg-closed, let F be ag-closed set contained in scl(A)\A. Since F¢ isg-open set
with A € F€ and A is sg-closed, scl(A) € F¢. That is F € (scl(A))¢. Also F € scl(A)\A. Therefore,
F € (scl(A))° nscl(A) = @. Hence F =@.

Proposition 3.6. If A is g-open and sg-closed subset of (X, 1), then A is semi-closed subset of (X, 7).

Proof. Since A is g-open and sg-closed, scl(A) € A. Hence A is semi-closed.

Theorem 3.3. InaT; space every sg-closed set is semi-closed.

Proof. Let X bea T;-space nd A € X be an sg-closed set. Let x € A4, y € scl(A)\A4 and x # y, then there

exists ag-open set U, © X such that x € U, andy ¢ U,. ThisimpliesA © U U, =V,y&V.SnceA is
xOA
sg-closed, scl(A) € V and scl(A)\A = @. So A = scl(A) and therefore A is semi-closed.

Proposition 3.7. Let A be asg-closed subset of (X, 1). If A € B € scl(A4), then B is also an sg-closed
subset of (X, 1).

Proof. Let U be ag-open set of (X, t) suchthat B € U, then A € U. Since A isan sg-closed set, scl(4) € U.
Also, since B € scl(A), scl(B) € scl(scl(4)) = scl(A). Thus, scl(B) € U. Hence B is also an sg-closed
subset of (X, 1).

Proposition 3.8.Let A € Y € X and let A be sg-closed in X. Then A issg-closed relativeto Y.

Proof. Let A € Y n G and suppose that G isg-open in X, then A € G. Since A issg-closed in X, scl(A) <
G.ltfollowsthat Y nscl(A) €Y NnG. Thus, scl,(A) €Y nG. Hence A issg-closed relativeto Y.

Proposition 3.9. For each x € X either {x} isg-closed or {x}° issg-closed set in X.

Proof. Suppose that {x} is not g-closed in X . Then {x}° is not g-open and the only g-open set containing
{x}¢isthe space X itself. That is {x}¢ € X. Therefore, scl({x}°) S X and so {x}° is sg-closed.

Theorem 3.4. Let A besg-closed in X. Then A is semi-closed if and only if scl(A)\A is closed.

Proof. Necessity . Let A be a semi-closed subset of X. Thenscl(4) = A and so, scl(A)\A = @ which is
closed.

Sufficiency. Since A issg-closed, by Proposition 3.4, scl(4)\A contains no non - empty closed set, but
scl(A)\A isclosed. Thisimplies scl(A)\A = @. That isscl(A) = A. Hence A is semi-closed.

4 sg-open Sets
Definition 4.1. A subset A of aspace (X, 1) iscalled sg-open if A€ issg-closedin (X, 1).
Remark 4.1. For asubset A of (X, 1), scl(A°) = (sint(4))¢

Theorem 4.1. A € X issg-openif and only if F € sint(A) whenever Fisg-closed and F < A.
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Proof. Necessity. Let A be asg-open set in (X, 7). Let F be g-closed such that F € A. Then A° € F€ where
F¢ is g-open. A¢ is sg-closed implies that scl(A°) € F¢ . By Remark 4.1, (sint(A))° € F° . That is
F C sint(A4).

Sufficiency. Suppose F isg-closed and F € A impliesF < sint(A). Let A° € U where U is g-open. Then
U¢ € A where U° is g-closed. By hypothesis U¢ < sint(4). That is (sint(4))¢ € U°. By Remark 4.1,
scl(A°) € U. Thisimplies A¢ is sg-closed. Hence A is sg-open.

Proposition 4.1. If sint(A) € B < A and A is sg-open, then B is sg-open.

Proof. sint(A) € B € A implies A € B¢ < (sint(A))¢. By Remark 4.1, A° € B¢ C sint(A€).Also, AC is
sg-closed . By Proposition 3.7, B€ is sg-closed. Hence B is sg-open.

Remark 4.2. It is true that every open set is sg-open but the converse may not be true as seen in the
following example.

Example 4.1. LetX = {a, b, c} with topology T = {®, X, {a}, {a, b}}. In (X, 1), the set {b} iS sg-open but
not open.

As application of the concept of sg-closed sets we introduce the following space called T, -space.
Definition 4.2. A topological space (X, 1), iscalled aT; -space if every sg-closed set isclosed in X.
Remark 4.3. The space Tz and T are independent asis seen from the following examples.

Example 4.2. Let X = {a,b,c} witht = {@,X,{a}}. Then the space (X, 1 )is aT;-space butnota T4 -
space.

Example 4.3. Let X ={a,b,c} witht={@ {a} {b,c},X}. Then (X, 1) is Ts; -spacebutitisnot T, -space.
5 Conclusion

Generalizations of closed sets in point-set topology will give some new topological properties (for example,
separation axioms, compactness, connectedness, continuity) which have been found to be very useful in the
study of certain objects of digital topology. Thus we may stress once more the importance of sg-closed sets
as a branch of them and the possible application in computer graphics[12-14] and quantum physics [15].

Competing Interests
Author has declared that no competing interests exist.
References

[1] LevineN. Generalized closed setsin topology. Rend Circ Mat. Palermo. 1970;19:89-96.

[2] Bhattacharyya P, Lahiri BK. Semi-generalized closed sets in topology. Indian J. Math. 1987;29:
375-382.

[3] Levine N. Semi-open sets and semi-continuity in topological spaces. Amer. Math. Monthly. 1963;70:
36-41.



M. M. El-Sharkasy; BJMCS, 15(6): 1-7, 2016; Artiole.BIJMCS.25602

[4]  AryaSP, Nour T. Characterizations of s-normal space. Indian J. Pure Appl. Math. 1990;21:717-719.

[5] Dontchev J. On generalizing semi-preopen sets. Mem. Fac. Sci. Kochi Univ. Ser. A Math. 1995;16:
35-48.

[6] VerraKumar MKRS. g-closed setsin topologica spaces. Alluhabad Math. Soc. 2003;18:99-122.
[7] Crossely SG, Hildebrand SK. Semi-closure. Texas J. Sci. 1971;22:99-112.
[8] Andrijevic D. Semi-preopen sets. Mat. Vesnik. 1986;38(1):24-32.

[9] Abd El-Monsef ME. Deeb SNEL, Mahmoud RA. -open sets and 5-continuous mappings. Bull. Fac.
Sci. Assiut Univ. 1983;12:77-90.

[10] Biswas N. On characterizations of semi-continuous functions. Atti. Accad. Naz. Lincei Rend. Cl. Sci.
Fis. Mat. Natur. 1970;8(48):399-402.

[11] El-Maghrabi Al, Nasef AA. Topological notions based upon spg-closed sets. Journal of Math.
Research and Exposition. 2003;101-112.

[12] Kalimsky ED. Applications of connected ordered topological spaces in topology. In Conference of
Mathematics Department of Povolsia; 1970.

[13] Kaimsky ED, Kopperman R, Meyer PR. Computer graphics and connected topologies on finite
ordered sets. Topol. Appl. 1990;36:1-17.

[14] Kony TY, Kopperman R, Meyer PR. A topologica approach to digital topology. Amer. Math.
Monthly. 1991;98:901-917.

[15] El-Naschie MS. On the uncertainty of Cantorian geometry and two, dlit experiment, Chaos, Soliton-
and Fractals. 1998;9(3):517-529.

© 2016 M. M. El-Sharkasy; This is an Open Accesglardistributed under the terms of the Creativen@wons Attribution License
(http://creativecommons.org/licenses/byj4®@hich permits unrestricted use, distributiondareproduction in any medium, provided
the original work is properly cited.

Peer-review history:

The peer review history for this paper can be asedsere (Please copy paste the total link in your
browser address bar)

http://sciencedomain.org/review-history/14145




