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Abstract

The hypersurface ¥ "in Y" space is studied for this piece of work. We established the correlation

between tensors of hypersurface Y "' and tensors of embedding space Y" . The second non-
symmetrical tensor of hypersurface has been introduced, which have been obtained from the analog of
Peterson-Codazzi equation in nonsymmetrical case.Also we have introduced the tensor that is associated
with square of angle between normal and adjacent normal and it is represented in terms of metric and
second tensors of hypersurface. The geodesics on hypersurface have been studied, and nontrivial example
of geodesics on hypersurface with torsion and Euclid metric was constructed.
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1 Introduction

The hypersurface theory in the ¥ space has attracted a lot of attention after its introduction [1,2], since it
has many applications in theoretical and applied physics and electromagnetic gravity.

Especially interesting is a special case of three-dimensional hypersurface ¥ 3 that embedding in four-

dimensional space Y N , which can be associated with physical spacetime continuum.

Intrinsic geometrical properties have been considered in [1-9] a space and their context and the relations

with the ambient space Y" within [9].

Riemannian geometry is considered smooth manifolds with a Riemannian metric without torsion [10]; this is
a concept of distance which is given by means of a smooth positive definite symmetric tensor defined at
each point. Many works have been done to generalize the concept of Riemannian manifolds [11-14,15-17,
[1]. Tt is obvious that a smooth manifold always carries a natural vector bundle, that is called a tangent
bundle, this structure can be sufficient for construction of analysis on the manifold, however, to consider
geometrical properties requires to have relation between points of space at different points that is called
a parallel transport of geometrical objects that induced the concept of connection in space. The concept of
connection gives a possibility to studied geometrical futures that demanded to move some object in space,
for instance, geodesic lines [9]. In this article, we consider the geometrical properties of hypersurfaces,
which embedding in space, that approach gives us possibilities to introduce the concepts of nonsymmetrical
second tensor of hypersurface and found the representation of the tensor, which is associated with square of
angle between normal and adjacent normal in terms of metric and second tensors of hypersurface. In this

article, it is assumed that hypersurfaces Y "is given as natural subspace of Y space and not forcibly
emerged in high dimensions spaces.

The remainder of this article is organized as follows. Section 2 discusses the geometrical structure of
hypersurface and its correlation with geometrical structure of embedding space; the analogue of Peterson-
Codazzi equation in the nonsymmetrical case has been obtained. The geodesics on hypersurface are
presented in Section 3, which is followed in Section 4 by the discussion of the nontrivial application of
the example of such geodesics on hypersurface space with torsion and Euclid metric and deduction the
equation of these geodesics lines. Section 5 provides some final conclusions and directions for future work.

2 The Hypersurfaces Y""' in the Y" Space

-1
We are studying the hypersurfaces Y™ in the space with torsion Y" Let us assumed that the hypersurface
can be defined by a system of equations

i i 1 n-1
x’:x’(y,...,y )
where X' is a coordinate system in Y" space, y“ is a coordinate system in Y’ o subspace and the rank of

ox'
o

the matrix { } equal 7 —1. The metric tensor of a hypersurface ¥ s given by:

— ox' ox’
aff gij aya ayﬁ :

(M
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Let G, is a geometric object and is subjected to the law of the transformation from one coordinate system

y? to another hachure coordinate system y“' by the formula:

, a Vs 7' a 2 av
Gi—ge YT " Oy

= , ) 2
R -

Then we assume that connection G,Z, of is is associated with the connection F; of Y" mean of the formula:

ox* ox' ox/ X
N e e ©)
oy oy oy oytoy
We are obtaining
1, . o\ Oxt
E(a ! (aﬁ'w Ta,ptas,t aﬂ/lT}f] + aV#Tﬂ;;] )+ Trﬁ ) Pz -
Y “4)
— 1 kn m m k 5xi 8xj zxk
= E(g (gm-,/ + 8 8yt g[mSjn + gij[n )+ Stj/' )a_ﬁ oy + ayﬂayr
By permuting indices, we have next formula for the torsion tensor of hypersurface ¥ o
ox' ox’ ox?
w =8, S~ 5)

pqy aya ayﬂay_q

using tensors Ay and Ta}:b, both metric and torsion we can explore the geometry of the space hypersurface

Y.

So, we obtained the formula for a tensor of torsion 7 Of/ﬂ of hypersurface Y ol (assuming that functions

. i J q
x'(3',...,»"") are smooth enough) in form T),=a"g S,‘”Eai O’ Ox

pqij aya ayﬂ ayl]

of Y"" and we assume that Ggy express via metric Ay and torsion % similarly to as the connection

. Let GZ;, be the connection

k
Fij express by means of and, we have:

1
a _ 2 an u u a
Gﬂy - 2 (a (aﬂw Ty ptag,t aﬂuTm + awTﬂﬂ ) + Tyﬂ ) ) (6)

From (3), we have
" NG i e Ox' ox/ o*x* o*x*
(Gﬂr_ 7/3)_a:(rif_r/i) F Ay Bar  ArALS |
Oy oy” oy oy”oy”  oy’oy

if we assume that functions x'()',..., ") have enough smoothness, the last difference equals to zero;

and we obtain
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T ox* _ o O o
Br a ij B ¥
oy oy" oy

this equation means that torsion of a hypersurface is generated by torsion embedding space Y.

From the last identity, we can see that our definition of Y "' torsion tensor is correct and coherent.

Below we use the mixed tensors values enumerated two types of indices, while Latin indices refer to the
containing space Y and responsive to the coordinate transformation x , and Greek indices belong to the
space hypersurface Y "1 and responsive to the transformation of coordinate y* . The index i is not

n-1
responsive to the coordinate ya transformation into ¥’ , and the index & does not respond to the

coordinate X' transformation in Y" . For example, the formula to calculate the covariant derivative of a
mixed tensor:

k q
Aia :Aia +ri Apaai—rp Aiaai

a gqin 7 i
By By pk*Tjp 6yy Jja* pp ayy +GWA.iﬁ GﬂyA.M’ ™

and similarly, we define differential of mixed tensor
i __ i i pa g .k 1p gia k a  qin Y _(m fia 7
DA™ = dA% + T APsdx* —T" A% dx* + G2 Aldu’ — Gl A% du .

The direct calculations lead us to formulas:

_ R ox' o', o' oxt
Uia:p ~Uipia = Ll o oy’ Oty o o ©)
_ _ pn n
uy;a;/i u}';ﬂ;a _Rﬂa}'uﬂ +T/J’auy;?7’ (10)

where RZW - curvature tensor of space Y -t compiled by using the components of connection GZ}, of

hypersurface Y " .
Let us considered the system of values
.o
So = P (11)

At each point of the hypersurface Y "1 Wwe can build rapper consisting of the vectors:

i i i

ELnE LV (12)
where fli,...,fli_l linearly independent tangent vectors and V' normal vector, defined as the metric and
connection agreed.
Next, we act formally, the idea is the same as in the classical case, and we will indicate significant new

moments. We compute the derivative of the mixed tensors f;
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q

) ) ) ox )
g =g +T & _Gr e
ay ay pgoa oy ay=n
In contrast to the case of torsion-free connection, we have the equality
i _ gl _ Qi gPEq n gl
§or;}' e Spqga 937 + Tmév’
but, we have
i i i k gi gm un P eq _
ga;y _gy;a - (Spq + qufﬂgﬂ Eim% )éa 57 =0.
Next, we permute the indices in the equation:

0=a,, =(g,&8) =g, & +g,E8),

e

we obtain

Hence, we can write decomposition:

é:;?;a = ﬁaﬂvi )

Remark 1. Set 7, is a tensor, which similar to the second fundamental tensor of hypersurfaces y'!

its structure in this space substantially different from the case of Riemannian spaces with zero torsion.
. i D £q i i n gl . . e
We remark that equation S » qé: 5 ¢ v (& Bia S ﬂ) +T7, /ja‘fn is the simple result of definition.

So we have equality
Toap = Tpe = 8iSpySpSa’-

Then we have obtained by differentiating gl.jl/i(,g DZ =00y y:
8V =

Similarly, by differentiating gijV[Vj =1 by y, we obtain:

i__ nu i
v, =—a ”u}'éf

(13)

(14)

(15)

(16)

(17)

, but

(18)

(19)
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From 7, — 7,5, = gijquéggng and Tﬂu;fﬁ = S;f/;fyj (when embedding is smooth enough) one can
obtain that 7, has to be symmetrical. So, asymmetry of a tensor 77,5 is induced by embedding.

Formula (17) and (19) characterize the change of vectors in the small accompanying frame relative to this
frame itself.

We associate with ¥~ a coordinate system in Y, which can be denoted #',...,u" ", u" , by the rule

with a new metric g, defined by 8,5 =d,4, &,, =0, &,, =1. Where z is a geodesic line directed along

V' - the normal to hypersurface?

i 7
X X
Since the rank of the matrix a—a equal 7 —1 suppose that rank a—a > () then exist the solution of
v

a system of equations

and

herewith metric tensor gik equals

~ik _ i gk a ik
gh=¢&a” +vivh.

If we consider the system (17) and (19) from a geometric point of view, then we can formulate the problem

for differential equations, where the unknowns are considered the functions and are given (known) g, ,

Si

e Tayﬁ s Mop»>asa function of yl,..., y"_1 . Then the connection coefficients Fljk as a function of

Ayp s
1 —
A

is embedded in the space Y, but then £, V' we have to consider as the known functions of y',..., "™

' must be considered as a known, and it means that we know exactly how the hypersurface Y 1

and so the problem makes no sense.
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Further, we obtain:

gg;l;ﬂ _é:;;i;l = klpg/lé: é:ﬂ +R;lﬁ§ +T gﬂtf

_ _ i no __ i
_(”lﬂ;i ”i/f;;c)v (ﬂzﬂﬂfﬂa ”iﬁﬂ-fvca )ga (20)
Equation (3.8) is multiplying by g 5; , we have:

k gl ‘
Rauﬂ - Rikzpé:zég;g; —(7Tm7fa,1 —ﬂlﬁﬂ'al)

21
Similarly, we derive a formula:
V;lz;/l _V;l/l;l = klpélf vi+T /1;( o
— no _ no\ gi
- (ﬂ-’ﬂ;la nin @ )50' (22)
We contract (20) with gl.jl/j , then:
k gl o
Ry 8V T T oy = Fops =g, 23)
Formula (22) is multiplying by g;;6,, , we concluded that:
P —
Kk@gig v é: +T, /1;( aoc ﬂ.ai;;g _ﬂ.a;(;/{ . (24)

Remark 2. If (22) contract with gl.jl/j , then we obtain identically zero.

Thus, we have the two types of formulas. Formula (21) does not contain the torsion tensor explicitly, but it is

counted in the tensor T ap

In the formula (22) the torsion tensor of the hypersurface present explicitly and in the form of coefficients of

Top and appears in the calculation of the covariant derivative.

Now, let us denoted 4, s Symmetrical tensor & UV;laV;{,j and we have

_ i nu i X0 J_ J_ X _
lgaﬂ _gijV;aV;ﬁ —g!./.a ”ﬂa‘fna ﬂﬁﬂ‘fz _gijﬂa ‘f é: anzﬂaﬂ =da’ ”na”zﬂ

or

19 gUV V] —g” (V +F;kl/ g )(Vf(i'i'ri, ng;):

=gV v+ gDV e +g v Tl vIEr + g T, T) ViEvIED

(25)

therefore, we see that asymmetrical part vanished.
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We denote 37 = 1 a®r 4o We obtain
2 ay

— N X — I mw _ o mw
8y =a, i, =a"1,,7 4 2Ma™ =a” x40 26)
Then
T
nx _ 9B _r
a (”z]aﬂ-;(ﬂ a ﬁaﬁﬂ-ﬂl)_ aaﬂ
a (27)
and
4 _ B _
a (ﬂ'naﬂ'lﬂ a ﬂaﬁﬂ'w)+ a,, =0
next, we can write
w
8-2Mr,, +;aaﬂ =0
and we obtain
T
8y=2Mn45——a,
a
We calculate
_ ny ny ny _
'911/3;(0 - '901/?;05 = oy T 0 T p ~ A Ty — A T i =
_ ny ny
=A7 (”l;a;w o ) TAT T T g0 — A o ypia
and
_ i gk gl p [ nx nx _
lgaﬂ;w - lgwﬂ;a =da ﬂ-zﬂ (_Riklpé:;ygaé:mv + Twaﬂ-na ) +a ”naﬂ'-;(ﬂ;a) —a ﬂ-nwﬂ-;(ﬂ;a -
—_ igkgl p nx o /4 /4 _
=—Ry, 8,88V " y+ T 0% g +ad" w7y, — T 28)

A tensor can be associated with the square of the angle between normal and adjacent normal

ugaﬁdyady’g = d({)z. So, let in space Y" with

. 1 .
coordinates X ,...,X" given the system of non-degenerate

equations x =x (yl yeens y”71 ) so is determined the hypersurface Y™™ and the metric and torsion of y™!

and since the connection on'H. We can consider the hypersurface like y™! space and so we obtain all

internal (intrinsic) geometry structure on"_l, but formulas x' =xi(y1,...,y"_l) define more, then

internal (intrinsic) geometry structure of Y i they define external geometry of Y ol (imbedding) as well.

External geometry or “how the hypersurface Y "Lis imbedded” define by one of the tensors 7T ap OF Saﬂ



Yaremenko; ARJOM, 13(2): 1-14, 2019, Article no.ARJOM.40602

which determinate position of a hypersurface inY" space. As an example, internal (intrinsic) geometry in

Y" " we considered geodesic on Y s
3 Geodesic on Hypersurface
According to definition geodesic on Y "' determined by a formula

PY o b
ds’ ds ds (29)

Let a curve: Y =y“(7), 7 €[r;7,] We calculate the variation of the length of geodesic OS of the

curve S':

a B ~ a B a p a B
o aaﬁdeL IaaﬁDdy & +a,, & Ddy =2aaﬁdLDdL
dr drt dr drt dr dr dr dr

~dy D
=0 +G oy
dr T rdr Y
é‘ya d a ady}/ Vi)
D =—0"+G,—90
dr dr Y 7 dr Y

dr dr 7 dr

where denotes D the absolute differential at the parameter curves of the family at a constant value 7 , and
D is absolute differential displacement d7 curve at a constant parameter of the family, then

dx’ dx’ dx’' ox’ o dx?
Slg — |=20. | D +87, ——5x* |,
(g” dt dtj 8y dt( a. % dr O j

(2, B B, [™ p y;
5S—J‘ aaﬂEDé‘y +J.Tl aaﬁTM Edyyé‘y =

a

) dy” Y ) dy*” Vi &) ﬂdy“ 2
Dia,—96 -\ a . D—06y" +| ‘a T, —=—dy’ o
J.ﬁ ( L ds Y I 5 P ds Y J. n P dr oy

since the ends of the variable curve are fixed

P dya dya
=2 B A B
55—";1 (aaﬂTM Edy@y -a,,D 7 oy j,
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suppose considered curve has a fixed length (analytically s = 0), then we obtain:

7 dy*® ay”
- s 2 B =
é's—L (aaﬂT;/l i7 dy'oy” —a,D 7 oy ]—0

By the fundamental lemma of calculus of variations, it follows:

dy” dy
A -
a, T, i7 V' —a,,D i =0.

The variation of the length of the geodesic is:

al” P

Ss Ja Tl .
(30)

We remark, that the geodesics on Y’ "~ which are determined by connection Ggy don’t depend on terms that

. o
contain tensor 7 -

. . . . . —1 . .
Now, we can construct a semi-geodesics coordinate system in any point of Y, but we can’t integrate it.

So, similarly to embedding space Y, we define the geodesic lines in ¥ ol space by formula

'y ca A

=0
ds® P ds ds

and a variation of the length of the geodetic 0S on ¥ "

ty dy
— B
5S—J. aul, —— 7 dy’6y"
g s €1y}

which depends on torsion of the hypersurface Y " and can be express in terms of torsion in Y.

We define the geodesic hypersurface as the hypersurface Y’ " on which any geodesic lines in Y "lisa

geodesic line in embedding space Y.

4 Example of Geodesics in Y""' Space with Euclidean Metric

Let us studied an example, of a geodesic on hypersurface Y 3 embedding in the four-dimensional Y’ 4 space
with diagonal Euclidean metric. We assume that metric is

S o = O
(= e = =)
- o o O

10
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and torsion is

00 00 0000 0 a

0 0 a O 0000 —a 0
Silk:O Sk = S’i:

—a 0 0 0000 0 0

0 0 00 0000 0 0

> >

S O {8 O

4
Sik

[=EN ==
S O o O
(=i
(=R
S o o O

, 7))

Let us computed the connection with this metric, in general case, we have

0 0 0
1
S;l S221 E(S;3 +S32| +S231)
Il = 1
s (S 8+ sn) Si
Sh S(Shrshsh) J(ShSi+sh)
S, St (S, + 85 +8Y)
12 12 32 13 12
0 0 0
=1
" _(S312 +S321 +S132) S322 S332
1 1
_(Szltz +Sj3 + S|32) sz _(S324 + sz + S342)
s —(Sy+S5+8) 8!
13 23 13 12 13
1
ka _ E(S; +Slz3 +Sz31) 5223 5233
0 0 0
1 1
E(S}B +5133 + S143) E(st +sz + S;) Sjs
1
S114 5(524 +S124 +5142)
l(Sl +S7,+S) 52 1
r?k —| P 14 21 24
1 1
5(S314 + S134 + S341) E(S324 + S234 + S?z)
0 0

and, we obtain

1
E(S314 + S134 + S143) S144

S(shshest) S

0
1

(S5 +S5+55))

%(S; +87,+S))

1
5(553 + S234 + 523)
0
S

3 4
S34 S34

0 0

11
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0 000 000 0 0 a 00 0000
a4 0 0 0 0000 .5 |0000O0 0000

1—‘1.,_ FZ— Fl— F4:
1o 000 *Jooool “ 0000 *|oo0oo0o0
0 00 0 0000 0000 0000

9 b b - (33)
Now, let us denoted the coordinates of hypersurface by ul, uz, us, and we assume that hypersurface is
given by formulas

X =u,
xZ :u2,
X =,
xt=0;

and for hypersurface, we have

0O 0 O
T,=|0 0 a| I/=
0 —a O

S O O

(e}

S O O
3
= W
I
|

S g <9

S O

oS O

, , . (34)

We calculate connection of hypersurface
0 0 O 0
G.=|-a 0 0| G2=|0
0 0 O 0

the geodesics determined by a formula

oS O

oS O

Q

w

|
oS o O
S O
o o O

()
()

) ; (35)

d*u” . Xl ax’

_ [
ds’ P ds ds
and we can write formulas

d*u' du* du’
——a————=0
ds ds ds
d*u’
ds*
d*u’ du' du*

—+ta——=0
ds ds ds

=0

(36)

This system that describes geodesics has general and particular solutions. The general solution of this system
is

12
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u' = —icos(kzas) —ﬁsin(kzas) +k,

k,a k,a
u’ =kys+k,
k. k
u’ =—Lsin(kyas) ———cos(k,as)+ kg
k,a k,a 37)

where k,, k,, k;, k,, ks, k are independent constants?
The particular solution can be written in the form

u'=Ms+M,

u’ =M,

3 _
u =M,s+M; (38)

where M|, M,, M,, M ,, M are arbitrary constants?

5 Conclusions and Recommendations

We have studied the geometrical structure of the hypersurface ¥’ "' the space that is generated jointly and
agreed by the metric tensor and the torsion tensor. We have presented the structure of the curvature tensor
and studied its special features and for this tensor obtained analogue Ricci - Jacobi identity. The geodesic

lines equation has been researched. We have shown that the structure of tensor 77, , which is similar to the

second fundamental tensor of hypersurfaces ¥ " s substantially different from the case of Riemannian
spaces with zero torsion. Then we have obtained formulas which characterize the change of vectors in

accompanying basis relative to this basis itself in the small. The geodesic in Y’ "' with metric and torsion in
case of Euclidean metric in the three-dimensional space.
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