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ABSTRACT

This is a very short research work representing an homage to the regretted Professor George Isac,
Department of Mathematics and Computer Science, Royal Military College of Canada, P.O. 17000,
Kingston, Ontario, Canada, K7K 7B4. Professor Isac introduced the notion of “nuclear cone” in
1981, published in 1983 and called later as “supernormal cone” since it appears stronger than the
usual concept of “normal cone”. For the first time, we named these convex cones as “Isac’s Cones”
in 2009 , after the acceptance on professor Isac’s part. This study is devoted to Isac’s cones,
including significant examples, comments and several pertinent references, with the remark that
this notion has its real place in Hausdorff locally convex spaces not in the normed linear spaces,
having strong implications and applications in the efficiency and optimization. Isac’'s cones
represent the largest class of convex cones discovered till now in separated locally convex spaces
ensuring the existence and important properties for the efficient points under completeness instead

of compactness.
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1. INTRODUCTION

This is a very short research work representing
an homage to Professor George Isac,
Department of Mathematics and Computer
Science, Royal Military College of Canada, P.O.
17000, Kingston, Ontario, Canada, K7K 7B4.
Professor Isac introduced the notion of “nuclear
cone” in [1], published in [2] and called later on
“supernormal cone” since it appears stronger
than the usual concept of “normal cone”. For the
first time, we named these convex cones as
“Isac’c Cones” in [3], after the acceptance on
professor Isac's part. This study is devoted to
Isac’'s cones, including significant examples,
comments and several pertinent references, with
the remark that this notion is more interesting in
the Hausdorff locally convex spaces as in the
normed linear spaces, having strong implications
and applications in the efficiency and the
optimization. A generalization of Isac’s cones in
the general Vector Spaces was given by us in

[4].

2. ISAC'S  (NUCLEAR
NORMAL) CONES

OR  SUPER-

Throughout the research works devoted to
nuclear (supernormal) cones professor Isac
considered any locally convex space in the
sense of the next definition.

Definition 1. [5]. A locally convex space is any

couple (X, Spe¢ X)

which is composed of a real linear space X and
a family Spe€¢ X of seminoms on X

such that:

) xpUSpe¢ X,0xy0 R Pl Spec)x

(i) if pO0Spe€ N and g is an arbitrary
seminorm on X such that Q< p, then
ql Spe¢ X

(iii) sup(py, p,) 0 Spe¢ ¥,0 p pl Spec)
where

sup(py, P,)() =sup(p( %, B(¥),0 X X

It is well known [5] that whenever such a family
as this Spe¢ X is given on a real vector space
X, there exists a locally convex topology T on
X such that (X, 7)is a topological linear space

Postolica; BJAST, 15(4): 1-8, 2016; Article no.BJAST.24007

and a seminorm P on X is T - continous iff
pdSpe€ X . A a non-empty subset B of
Spe¢ X is a base for it
pOSpe€ A there exist y>0 and qOB
such that p< xyq and (X,7) is a Hausdorff
locally convex space iff Spe¢ X has a base B,
named Hausdorff base , with the property that
{xOX: p(®=0,0p0dB} ={6} where 8 is
the null vector in X . In this research paper we
will suppose that the space (X,T) sometimes

denoted by X is a Hausdorff locally convex
space. Every non-empty subset K of X
satisfying the following properties: K + K O K

and YK 0K,y R, is named convex cone.

If, in addition, KN K ={8}, then K is called
pointed. Clearly, any pointed convex cone K in
X generates an ordering on X defined by
X< y(x yO X) ifft y—xOK. Iif X is the
dual of X, then the dual cone of K is defined
by K" ={x O X" : X(X20,0x0 K and its

if for every

corresponding polar is K° = =K . We recall that
a pointed convex cone K [ (X, Spe¢€ X) is
normal with respect to the topology defined by
Spe¢ X if it fulfils one of the next equivalent
assertions:

() There exists at a base Q of
neighborhoods for the origin & in X such
that V =(V+ K)n (V- K),OVOQ.

(i) There exists a base B of Spe¢ X with
p(X) = p(Y),0x Y K x< yO gl &
(iiiy For any two nets {)g}iEII ’{yi}iD 0 K with
f<x <y,0i01
follows that limx =& . In particular, a

and

limy, =8 it

convex cone K is normal in a normed

||) iff there exists
that X, yOOE and

linear space (E

t0(0,) such
y — xO Kimplies that lxlis 1l y il

It is well known that the concept of normal cone
is the most important notion in the theory and
applications of convex cones in topological
ordered vector spaces. Thus, for example, for



every separated locally convex space
(X,Spe€¢ %) and any closed normal cone
K O(X,Spe€¢ X) we have X =K -K’
(see, for instance, [6,7]). Each pointed convex
cone K [0 (X, Spe€¢ X)for which there exists a
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Definition 2. ([1,2]). In a Hausdorff locally
convex space (X, Spe€ X) a pointed convex
cone K[ X is nuclear (supernormal) with
respect to the topolgy induced by Spe¢ X if

there exists a base B ={ Q}m of Spe€¢ X such

non-empty, convex bounded set

— _that for every p [J B there exists f, (01X with
T 0O X such that OOT and K :U)(T is
150 p(x) < f(X,0x0 K.

called well-based. A cone K O (X, Spe€ X)
Remark 1. For the first time, we called any such

is well-based iff there exists a base B:{ R}i[“ as this cone “Isac’s cone” in [4], taking into
account that the above definition of locally
convex spaces is equivalent with the following:
Let X be a real or complex linear space and

P:{pa:a’DA} a family of seminorms
defined on X . For every X[ X,£>0 and
nON’ let

of Spe¢ X and a linear continuous functional
f OK” such that for every p, LB there
¢ >0 with ¢gp(X=< f(X¥,0x3K

([6,7,1,2,8]). Clearly, every well-based cone is a
normal cone, but, in general, the converse is not
true, as we can see in the examples below,
starting from the next basic notion.

exists

V(X B, B R;E)={ YD X: p( ¥ X<&Oa =1 h, thenthe family
cO(X):{V(x; R, By RiE): M N, pO I?a::L_ns>0}}

has the properties:

(vy) xOV,0V Ogx);
(Vo) UV, VY, Ogx), DV, Uex) : Vo, OV, N\, ;
(V) OV O @), UO gx), UDOV such that OyOU, WO ¢(y) with WOV .

Therefore, ¢y(x) is a base of neighbourhoods for X and taking ¢ (X) ={V O X: OU ¢(x) with
U OV}, the set

r={D0OX:D0¢(x), OxO D} D{D} is the locally convex topology generated by the family P .

Obviously, the usual operations which induce the structure of linear space on X are continuous with
respect to this topology. The corresponding topological space (X, 7) is a Hausdorff locally convex

space iff the family P is sufficient, that is, [J X, 0 X \{&},0p, O P with p,(%,) Z0. In this

context, a convex cone K [ X is an Isac’s cone iff Op, OP,0f, O X : p (X< £(3,0x3 K

The best, special, refined and non - trivial Isac’s cones classes associated to the sets of all normal
cones in arbitrary Hausdorff locally convex spaces was introduced and studied in [9] as the full

nuclear cones, these families of convex cones being defined as follows: if (X, Spe¢ X) is an
arbitrary locally convex space, B [ Spe¢ X is a Hausdorff base of Spe¢ X and K X is a

normal cone, then for any mapping @ : B — K’ \{0} one says that the set



K, ={xOX:p(¥<g(p(30@ B is a
full nuclear cone associated to K whenever
K¢ ¢{9}. Taking into account that in any real

; (E.II-ID .
normed linear space a non-empty set
T O E is called a Bishop-Phelps cone if there

exists Y in the usual dual space E* of E and
a(0,1] such that T:{yD E:aly< y( ))}

and the applications of such as these cones in
the Nonlinear Analysis together with the Vectorial
Optimization induced by the vector-valued
mappings, we conclude that, for the Haudorff
locally convex spaces, the full nuclear cones are
the best generalizations of the Bishop-Phelps
cones in the normed vector spaces.

In the next considerations we offer significant
examples and adequate remarks on the
supernormal cones. The existence of the efficient
points and important properties of the efficient
points sets are ensured in the separated locally
convex spaces ordered by the (weak)
supernormal cones named by us “Isac’s cones”,
through the agency of the (weak) completeness
instead of the compactness (the reader is
referred to [7,1,2,8,10,11,12,13,9,14,15,16,17,
18,19,20,21,22,23,24,3,4,25,26] and so on).

Theorem 1. [27]. A convex and normal cone K in
a Hausdorff locally convex space is supernormal
if and only if every net of K weakly convergent to
zero converges to zero in the locally convex

topology.

Let us consider some pertinent examples

1. Any convex, closed and pointed cone in
an arbitrary usual Euclidean space

Rk O N") is supernormal.

2. In every locally convex space any well-
based convex cone is an Isac’s cone.

3. A convex cone is an lsac’s cone in a
normed linear space if and only if it is well-
based.

4. Let nLIN* be arbitrary fixed and let Y be
the space of all real symmetric (n, n)
matrices ordered by the pointed, convex

cone C = {A0Y:x" Ax=0,0x0R'}. Then,

Y is a real Hilbert space with respect to the
scalar product defined by <A, B> =trace (A.
B) for all A, BLlY and C is well-based by
B={ALl C :<A, I>=1} where | denotes the
identity matrix.
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5. Every pointed, locally or weakly compact
convex cone in any Hausdorff locally
convex space is an Isac’s cone.

6. A convex cone is an Isac’s cone in any
nuclear space [28] if and only if it is a
normal cone.

7. In any Hausdorff locally convex space a
convex cone is an weakly Isac’s cone if
and only if it is weakly normal.

8. InL’(a, b]), ¥*” the convex cone K,={xL]
L°([a, b]):x(t) =0 almost everywhere} is an
Isac’s cone if and only if p=1, being well
based in this case by the set B={x[1Ky:

["x(t)dt= 1}. Indeed, if p>1, then the
sequence (xp) defined by

X (t - n%, ast<at(b-a)/2n
0, at(b-a)/2n<t< b

nON

converges to 0 in the weak topology but not in its
usual norm topology. Therefore, by virtue of the
Theorem 1, K, is not an Isac's cone. Generally,
for every p>1, K, has a base B={x Ll Ky

jbx(t)dt: 1} which is unbounded. Any convex

cone generated by every closed and bounded
set B={x[IB: _[:|x(t)|pdtst} with t20 is certainly

an lIsac’s cone. A similar result holds for L°(R).
Thus, if we consider a countable family (A,) of

disjoint sets which covers R such that H (Ay) =

1 for all n in N, where H s the Lebesgue
measure, then the sequence (y,) given by yu(t) =

1 if tZA, and yu(t) = 0 for 1eR\4, converges
weakly to zero while it is not convergent to zero
in the norm topology. Taking into account the
above Theorem 1, it follows that the usual
positive cone in L°(R) is not an Isac’s cone if p>1,

that is, it is not well-based in all these cases.

However, these cones are normal for every p 2.
The same conclusion concerning the non-
supernormality is valid for the positive orthant of
any usual Orlicz space.

9. In 1°(p=1) equipped with the usual norm
||[||p the positive cone

Co= {(xn)e IP: x,= 0 for all neN} s also normal
with respect to its usual norm topology, but it is

not an Isac’s cone excepting the case p = 1.
Indeed, for every p>1, the sequence (e,) having



1 at the nth coordinate and zeros elsewhere
converges to zero in the weak topology, but not
in the norm topology and by virtue of Theorem 1
it follows that C, is not an Isac’s cone. For p = 1,

C, is well-based by the set B = {xeCi: [x|,= B and
Proposition 5 given in [2] ensures that it is an
Isac’'s cone. If we consider in this case the
locally convex topology in I' defined by the

n
seminorms pn((Xy)) :Z|Xk| for every (x) in I'
k=0

and nZN, which is weaker than its usual weak
topology, then the usual positive cone remains
an Isac’s cone with respect to this topology (now
it is normal in a nuclear space and one applies
Proposition 6 of [2]), but it is not well based.
Taking into account the concept of H-locally
convex space introduced in [29] and defined as
any Hausdorff locally convex space with the
seminorms satisfying the parallelogram law and
the property that every nuclear space is also a H-
locally convex space with respect to an
equivalent system of seminorms [28], the above
example shows that, in a H-locally convex space,
a proper convex cone may be an Isac's cone
without to be well-based. Moreover, if we
consider in I° the H-locally convex topology
induced by the seminorms

yz
B, () :[zwj nON, (%072,

i=n

then, the convex cone C; = {(xy) € Prxi20 5o;
all k/N} is normal in the H-locally convex space
(°{ P.}.on ), but it is not a supernormal cone
because the same sequence (e¢) is weakly
convergent to zero while (Bn(ek)) is convergent
to 1 for each "€Nand one applies again the
Theoreml. Another interesting example of
normal cone in a H-locally convex space which is
not supernormal is the usual positive cone in the
space L? o (R) of all functions from R to C which
are square integrable over any nontrivial, finite
interval of R, endowed with the system of the
seminorms

{Bn ‘n0 N} defined by p, (x) :U-nn|x(t)|2 dt%J “

every x in L% (R). In this case, the sequence
(xx) given by:

o, t0 (-0, 0) O (YK, +o)
Xk(t)_{&, t0[o, K]
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converges weakly to zero, but it is not
convergent to zero in the H-locally convex
topology. The results follows by Theorem 1. It is
clear that every weak topology is a H-locally
convex topology and, in all these cases, the
supernormality of the convex cones coincides
with the normality thanks to the Corollary of the
Proposition 2 given in [2].

10. In the space C([a, b]) of all continuous, real
valued functions defined on every non-
trivial, compact interval [a, b] equipped with
the usual supremum norm the convex
cone K = {x/LC([a, b]): x is concave, x(a)=x
(b) = 0 and x(t)=0 for all tfa, b]} is
supernormal, being well based by the set
{XLK: x(to) =1} for some arbitrary ty/]a,b].
The hypothesis that all x/K are concave is
essential for the supernormality.

11. The convex cone of all nonnegative
sequences in the space of all absolutely
convergent sequences is the dual of the
usual positive cone in the space of all
convergent sequences. Consequently, it
has a weak star compact base and, hence,
it is a weak star supernormal cone.

12. In I or in ¢, equipped with the supremum
norm, the convex cone consisting of all
sequences having all partial sums non-
negative is not normal, so it is not
supernormal.

13. In every Hausdorff locally convex space
any normal cone is supernormal with
respect to the weak topology.

14. In every locally convex lattice which is a
(L)-space the ordering cone is supernormal
(see also the Example 7 given in [11]).

15. If we consider the space of all locally
integrable functions on a locally compact
space Y with respect to a Radon measure
L endowed with the topology induced by
the family of seminorms {pa} where pa(f) =

JA|f (x)|du for every non-empty and

compact subset A of Y and every locally
integrable function f, then the convex cone
K = {f: f(x) 0, x ¥} is supernormal.

16. If Z is any locally convex lattice ordered by
an arbitrary convex cone K and Z is its
topological dual ordered by the
corresponding dual cone K, then the cone
K is supernormal with respect to the locally
convex topology defined on Z by the
neighbourhood base at the origin {[-f,
f]o}fﬂKg-

17. In every regular vector space (E, K) (that
is, the order dual E™ separates the points of



E) with the property that E = K - K the
convex cone K is an Isac’s cone with
respect to the topology defined in the
preceding example.

18. Any semicomplete cone in a Hausdorff
locally convex space is supernormal (for
this concept see the Example 11 of [11]).

Remark 2. Clearly, if a convex cone K is
supernormal in a normed space, then K admits a
strictly positive, linear and continuous functional,
that is, there exists a linear, continuous functional

f such that f(k)>0 for all R'EK'*‘O‘I‘Generally, the
converse is not true, even in a Banach space, as
we can see in the following examples.

19. If one considers in the usual space I
(15 pSOO) the usual ordering convex

cone

K= :{x:(xi)ljép:xi >0foreveryiON } of
all the infinite vectors with non-negative
components, then the functional ¢ defined

by ¢(k) :iki for any k =(k)7I° is linear,
i=1

continuous and strictly positive. But, as
we have seen in the above considerations

(Example 9), this cone is supernormal if
and only if p=1.

20. Let K be the usual positive cone LP, =
{xLP([a, b]):x(t)=0almost everywhere} in
LP([a, b]) (1spso). Then, the linear and
continuous functional ¢ on LP([a, b]) given

by Y(x) :.[:x(t)dt for every xZ1°([a, b]) is

strictly positive on K while K is
supernormal (see the above Example 8) if
and only if p = 1. The same conclusion is
valid for the space [°(R) (1sp<co).
Therefore, I, and LY, are Isac’s cones,

with empty topological interiors, and for
pe(ltes),
every it follows that | P, and L P,

are normal cones with empty interiors,
which are not supernormal. Hence, these
convex cones are not well based. Very
simple examples of Isac’s cones having
non-empty topological interiors are R,"
(NLNY).

Remark 3. In the order complete vector lattice
B([a, b]) of all bounded, real valued functions on
a compact non-singleton interval [a, b] endowed
with its usual norm the standard positive cone

K = {ueB({a, b]): rf(r)éfor all te ([a, b])} is normal but
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it has not a base, that is, it is not supernormal.
However, this cone has non-empty interior. If we
consider the linear space I' endowed with the
separated locally convex topology generated by

{pn.neN}

the family of seminorms defined by
n — 1

P, (x) = |x,| for every ¥ =) €L jhen the
k=0

7= S = —ji.
convex cone K = {x = (xp) €l': ;20 \yhenever

ke N} is supernormal, but it is not well based.

Remark 4. The natural context of supernormality
(nuclearity) for convex cones is any separated
locally convex space. Isac, G. introduced the
concept of “nuclear cone” in 1981, published it in
1983 and he showed that in a normed space a
convex cone is nuclear if and only if it is well
based or equivalently iff it is “with plastering”, the
last concept being defined by Krasnoselski, M. A.
in fifties (see, for example, Krasnoselski, M. A.,
1964 and so on) [30]. Such a convex cone was
initially called “nuclear cone” by Isac, G. (1981)
because in every nuclear space (Pietch, A.,
1972) any normal cone is a nuclear cone in
Isac’s sense (Proposition 6 of Isac, G., 1983).
Afterwards, since the nuclear cone introduced by
Isac appears as a reinforcement of the normal
cone, it was called supernormal. The class of
supernormal cones in Hausdorff locally convex
spaces was initially imposed by the theory and
the applications of the efficient (Pareto minimum
type) points (especially existence conditions
based on completeness instead of compactness
were decisive together with the main properties
of the efficient points sets), the study of critical
points for dynamical systems and conical support
points and their importance was very well
illustrated by important results, examples and
comments in the specified references and in
other connected papers. It is also very significant
to mention again that the concept of
supernormality introduced by Isac, G. (1981) is
not a simple generalization of the corresponding
notion defined in normed linear spaces by
Krasnoselski, M. A. and his colleagues in the
fifties. Thus, for example, Isac's supernormality
attached to the convex cones has his sense in
every Hausdorff locally convex space identically
with the well known Grothendieck's nuclearity. By
analogy with the fact that a normed space is
nuclear in Grothendieck’s sense if and only if it is
isomorphe with an usual Euclidean space, a
convex cone is supernormal in a normed space if
and only if it is well based, that is, it is generated
by a convex bounded set which does not contain
the origin in its closure. Beside Pareto type



optimization, we also mention Isac’s significant
contributions, through the agency of supernormal
cones, to the convex cones in product linear
spaces and Ekeland’s variational type principles
(Isac.G., 2003; Isac, G., Tammer, Chr., 2003).
Therefore, the more appropriate background for
Isac’s cones is any separated locally convex
space.

3. CONCLUSIONS AND
RESEARCH DIRECTIONS

FUTURE

The family of Isac’s cones represents the largest
class of ordering cones in Hausdorff locally
convex spaces ensuring the existence and the
adequate properties for the efficient points sets
involved in the general optimization, following
different completeness types instead of
compactness. Consequently, one of the main
goal of the next research is to identify new
applications of Isac’'s cones in the efficiency
projected in the best approximation problems,
the set - valuet fixed point theory including the
dynamical systems and the nuclearity of the
linear vector spaces.
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